
III. Dish & Sphere Theorem

A. Recollections from Algebraic Topology

• p :X→ ✗ a covering space
1) then p* : kill)→ -41×1 an isomorphism tizz

21 if f : Y →✗ is a map sf. f-* II. (Y)) c p* (91×-1)

then f- lifts to I a.e.

F.→ ¥p
YFX

• ✗ connected space

7- Hurewicz map hn : Tin CXI→ Hncx)

h
,
on Ti

,
is abelian ization

tie. h
,
onto and her 4

,
= [91×1,41×1])

Hurewicz That :

Til X)=L and n22

Then till = o F z si an

⇐

Hzcx) =0 V-zsic.is

and if this holds then hi. Inch→ Hncx)
is an isomorphism



• Whiteheads That : ✗
,
Y connected CW complexes
f : ✗→ Y a map

1) 1-* : Tlilx → -1414) an isomorphism foralli
then f a homotopy equivalence

2) ITMET, 147=1 and f-* : Hill→ Hid

an isomorphism for all i , then

f- is a homotopy equivalence

• ✗ is a Kla, 1) ( or aspherical) if ✗ is connected,

Ti 1×1=1-1
,
and IT

,
1×1=0 tizz

it X
, Y are KCCT 1) CW complexes then ✗= Y

T

homotopy
equivalence

• Poincaré (Lefschetz) Duality :

M compact, oriented, n
-manifold

,
then

Hq 1Mt I H
"-9 (M.am)

Hq Imam ) E H
" -9
(m )

• Universal Coefficients That :

H
"

IX.A ;Z)=_ Free (Hn IX.A; X-D ⑦ To- ( Hn -i IX. A;Z))



B. Algebraic Topology and 3-manifolds

we can use simple algebraic topology to understand
certain 3-mfds upto homotopy

lemma 1 :

M a closed connected 3-mfd

IT, LM) = 1 ⇐ M = 53
t
homotopy equiv.

later we will see much more is true

Proof :(⇐ ) ✓

⇐) it
, (m ) = 1 ⇒ H.cm ) =o (so M orientable)

Hz (M ) = HIM) I Free H.CM) ④ Tor Holo) = 0
T T

Poincaré Univ
.
Coeff

.

Duality That

HIM ) I Holm) I€ ( since closed
, conn. 3-mfd )

thus Hurewict that ⇒ Tf IM) = Him)E€

:
.
F- f- : 53→ns.t

.

[f) generates its = H,

so we see f-* : His 3) → HIM) an isom.

:. f-
*
an isomorphism on Hi Hi

slice 53
,
M simply connected, Whitehead's

the implies f is a homotopy equiv. <#



lemma 2 :

M non - compact, connected 3-manifold with 2M=p

TCM) I% CMIE 1 ⇐ M = 1123

Proof:(⇐ ) ✓

⇐ ) M non- compact ⇒ Him -0 Fi ? 3

T.CM) = TffM ) = 0 ⇒ It
,
(m ) = Hz (m) =0

i. Hj (m) = O ti z I

let f :M→ * be constant map

f- induces ison. on all Hi i. f is a homotopy equiv☒-

Earlier we looked at embedded 2-spheres
What about non - embedded ones lie. coming

from -4dm)) ?

The 3 ( sphere Th
☐

; Papa hyriakapoulos 1957, Whitehead 1958)

letM be an orientable 3-manifold

f : 5→M be a map s± Ef] -40 in Az (M)

Then I an embedding e : 5→ns.t.
[e] -1-0 1in TE Cu )

That 4 (Disk That
,
Dehn 's

.

lemma
,
Papa 1957) :

let M be an orientable 3-manifold
,
Ic 2M a surface

,

and f :(D? s' ) → (M, -2 ) st
.

If 1s ,] -1-1 in IT(E)

Then 3- an embedding e :#5)→ (ME) cat.
els , is essential G.e. doesn't bound a disk) in -2



We prove the disk th
" later ( sphere the similar)

but first let's see some consequences

Basically both theorems turn algebaii info into

geometric info. This is rare and very helpful !

lemma
'

5:

M an orientable 3-manifold. Then

M irreducible ⇐ Efm) =0

Proof:(=D Them) =\ 0 ,⇒→ I embedded 2-spheres
with [5) 1=0 in Xz (M)

:. 5=1213 -ball )
: M is reducible

⇐) for this we need
Poincaré Conj (proven by Perelman ~2003)

if M a 3-manifold = 53 thenMI5

Tf (M)=0 ⇒ [s] = 0 in Tlzlm )

⇒ [s] = 0 in Hzlm )

" "

÷÷
.

⇒ s separates M

exercise : prove this !



let ÑIM be the universal cover

p
- '

(A) = copies of A- ( A- univ cover ofA)}
check this
uses that S

p
- ' (B) = ' ' ' ' 15 (B- " ' ' B) a 2- sphere

2 Ñ= it
, (A) 1 copies of5

215 = II. (B) 1 " "

let To be a lift of 5

The (M) = 0 ⇒ tz (MT = 0

9 cmY=o } ⇒ Him)=oT
Hurewciz That

•:[53=0 in Hz ( rt)

i. . I separates Ñ = ✗ Us
.

Y

Mayer - Vietoris gives

Hd so )→ HZCX)④ HZCY) → Him)

¥
"
o

exercise : show so [so] = 0 in
'

Hzlxl or Hz ( Y)

say in
' Hzlx)

lemma 6 :

let M be a 3-manifold
,
I be a component of 2M

that is compact
(E) = 0 in Hzcm) ⇐ M is compact and 2M= -2

i. So = 2X and ✗ compact

✗ must be Ñ or I
,
assume A-

:
.

ZÑ = So and so IT (A) = 1 (since 12Ñ 1=1 )

i. A = I



Au B
> is a closed 3-mfd with IT = 1

i. Poincare ⇒ AUB
}
E S
}
and

so A = 133

i. 5=2 d- = 133) so M irreducible ¥7

Proof of lemma 6 :

⇐) clear
⇐) [I] = 0 in Hint ⇒ F a compact submtd

MocMsf. [E) = 0 in Hzcmo )

so we can assume M is compact

need to show 2M =I

suppose not, long exact sequence of 1M, 2m ) gives
Him)→ Hzlm, 2M) → Hzl2m)

511 511

It 9m)
2
*"

o
→ Holon)

511 VS

Z 2-④ . . -⑦ 2-1

# of component
of2M

the inclusion i*
Hol 2m) → Holm)

VS KS

④ - .
-⑦ 2-1 Z

sends each generator of Holon) to 1=1 in
' Holm)

(say c-1)

since I and I* are dual we see 2×-111=11,
- -

,
1)

-

'

. [I] not in the image of 2* unless 2M
= -2

i. (E) to in Him ) unless 2m = I
¥7



This > :

let M be a closed 3-manifold with univ. cover Ñ

1) it Ti IMI is finite
,
then ÑI 53

IF KIM ) is infinite and M is prime then

2) Ñ I 1123 or

3) M I 51×5 (so ÑE IR ✗ 5)

Proof :
1) Ti (M) finite ⇒Ñ compact , Kcñ)= 1

i lemma 1 ⇒ it= S3

now Poincaré ⇒ it=53

it Film) infinite and M prime, then Th III. I⇒ M is

51×5 or irreducible

if not 51×5 then lemma5 says I Cnt
= 0

i. IT
,
IÑ) = The lñ) = 0

Ñ non -compact then ⇒ Ñ
= R
'

by lemma 2

the geometrization conjecture (discussed later )

then ⇒ itI 1123
☒-

Corollary 8 :

1) if M is a closed prime 3- manifold with a. (m)EZ

then ME 51×5



2) if M
,
N closed prime 3-manifolds with KIMEKIN)

infinite
, then MEN

Proof :

1) Claim : Tlzlml to

suppose not, then 2) of The 7 must hold

:
. Tlz (MY

= IT(m ) = o tiI 2

let f : s '→M be a map st. Lf] generates 7-EFIM)

IT
,
I s

') = o Fizz

i. f- : -4,15
' )→ tzlm) an isomorphism ti

so f- is a homotopy equivalence
i. Hunt I Hzcs ') = 0

but Hzcul E H
'
(m) E free Him I€ ☒

-

'

. Tle (M) *If

since TECM) -1-0, case 3) of That holds

and so MI s
'
✗I

2) M
,
N prime , TIMI = T.tv)

it 9
,
(m ) = then MI s

'
✗SEN

if it
, 1mL # Zt then Th " 7 says ÑIÑEIR

}

i. IT
,
1Mt E t (N) ti

so M and N are
"

KLTIIM )
.
1)
"

spaces



I.e. all hyer homotopy groups vanish and Ti 's are isom .

this ⇒ MIN ( if you have not seen this before

prove this ! )

now again geometrizatrm ⇒ MEN (since prom
'e)

& Ti
,
infinite ¥7

Th 19 :

let M be a compact , irreducible 3-manifold with

Tilm) free, then M is a handlebody (or s
'

)

need 3 lemmas

lemma 10 :

let I be a closed surface # 52

then a
,
I is not free

Proof : suppose I -2 is free for rank n

let ✗ = Ñ=
,

s
'

§; wedge of n circles

then I f : ✗→ -2 S.t. f* : it, ✗→ IT -2 is an isom .

the universal cover of -2 is I = IN

i. IT
,
I -2 ) = O tzzz

we also know THIN - o tizz

: Hurewicz says f is a homotopy equivalence

so we must have f-* : HIN→ Hz(E) an isom ☒
to ¥ Eft



lemma 11 :

any subgroupofafreegroopisfree

Proof : 6 a free group then

6=-91×1 some ✗ = VI. s '

(it 6 not finitely generated use

let It be a subgroup of G
then I a covering space I→ ✗ sit. ITCXTEH

but I a 1- complex so Tf (F) is free ☒

lemma 12 :

M a compact orientable 3-manifold with

Holm ) finite then 2M = I 5

Proof : Hz (MDM) I H '

(m) E free H, (M) = 0
Poincaré Univ

. weft
,

duality the

now the exact sequence for CM,
2m) gives

Hzlmisml → H.com)→ H
,
1M)

"

o

"

finite

: . H
,
HM) finite and smile the only finite

group that is H, (orientable sfc) is 0

we see Hitomi = 0

: . 2M = It 5
Et



Proof of 9 : suppose 4- (m) free of rank u

we prove theorem by induction on n

n _- 0 : Tl
, (M) = 1

if 2M =0 then from That 7 ME 53

if 2M 1=0 then 2M = 11-52 ( lemma 12 )

M irreducible ⇒ ME ☐
3

( i.e. handle body of genus 0)

n 21 : M irreducible ⇒ Tlzlm) = 0 ( lemma 5)

IT
,
IM) infinite ⇒ universal cover Ñ is non - compact

: . H, (Ñ)
= 0 lt 2>-3

we know Tlj (Ñ) I Tf (M) tizz

i. . Tlz (Ñ) = 0 and Ti (Ñ)
= 0 He 23 by Hurewii -2

let ✗ = YI, s
'

1- f- : ✗ → ns.t. f-* : tick →Film is isom ti

i. f is a homotopy equivalence byWhitehead
i. f-
*
: H
,
(X) → It

,
1M) an isom.fi

so Hz (M) = Hz 1×1=0 :. 2M to

if some component of 2M is 5 then M cried

⇒ m =-D
'
⇒ ng (m ) = 1 ☒

so let I be a component of 2M with genus I
> 0

by lemma 10 & 11 THF )→ IT1m) is riot
one - to - one



:O Disk The (-14^-4) I embedded disk DCM

such that 2D= DNZM is

essential in -2

2 cases :

1) D separates M

so MINCDT = M
,
4-Mz

)¥m Th IM ) = it, Cm, ) * IT, Cmd

i. IT
, /Ma ) free of rank ni by lemma 11

with n, +ni n

and 2mi -40

Claim : n; > 0

if not
, say, n, =

o
,
then M=D

]

i. 2D bounds dish in -2 ☒

'

. . ni en

clearly M; is irreducible (check if not clear !)

i. by induction the Mj are handlebodies
i. M is a handle body ( lemma I.1L

2) D does not separate M

so MINCDT = Mo

☐ IT
, In) E t, (no ) * 2- ( check)

so tlmo) free of rank < a

Mo inreduceby and 2Moto
-

'

. Mo a handlebody
son is too

☒t



recall a knot K is the iwiage
of an embedding fk :S

'

→ 53

K
,

~ Kz ( equivalent) if F an isotopy from fk
,

to fkz

( recall isotopy extension says 1- an isotopy
Fe : 5}→ 53 SE Fo = cat and fk; F.ofk, ,
so 3- a differ F, : 53 → 53 SI Fick. )= Kc )

K is trivial if ~ the unknot U = 0
the group of K is Ti 153 ik)

K ,
~Kz ⇒ Th ( 53-K) ETF (53-14)

the exterior of K is Xk=Ñ)
t nbhd of K

2×1<=-1
'

%¥
IT IXK ) I Tals

}
- K)

note : ✗
u
z s

'

✗ ☐
2 K T X

,

T
,
/ Xo )

e- z

example :

)
T = trefoil

F. (XT) I LX ,y 1×2--43) (cheek)

note T.tl/-)mapsonto4X.ylx2--i=y3 >
I 2-12*21-3
t

i. T ✗ Unhnot non-abelian

to what extent does 4- (xx ) determine K ?



Tha 13 ( Dehn 1910 modulo his
"

lemma
") :

X
, IXK) = € ⇒ K - u

first a lemma

lemma 14 :

K a knot in 53 then
2--0

Hi CXK ) I { ?☒ 2--1 gear by a
7 22

µ =& meridian'al disk in
'

MK)] c- It ,GN) C H, 1211k )

let 7 be a simple closed curve on 2x, that

intersectsµ transversely in
'

one point

Proof : apply Mayer - Vietoris to XK and NIKI

0→ His
})-7 Hzczr)→Hzlxk ) ④ HZINCKD → Hz (S3)

511 511

2-

"

o

"

o

lo

→ It
,
12N)→ Hicxk ④ Hi, CNIKD→ His

})
is us is

€+02T Z

µ ✗ gear by 7

exercise : 0 an isomorphism (recall def ☐ of a)

: . Hz (✗CK 1) = 0

note : H, ( XIK)) I €



now we know

4 (M) = ( a. 0) some a and b

lol X) = ( b , 1)

for these to generate 2- ④€ need a = I

so µ c XK generates tifxk )
☒

Proofof Thin 13 :

⇐) clear !

(=D TFIXK ) I €

XK irreducible (corollary of Schon flies )

- : ✗KE S
'

xD
'

by The 9

let D= {pt } xD
'

cxk
2D= cµ +DX in Hilxk) ad rel prime since

2D embedded

[ 2133--0 in Hclxk )

:
.
C--0 and Id 1=1

3D

"
NIKI

so Fan annulus A CNIK) st.

2A = K u 2D

i. K= 21DuA) and K the unknot ☒+

Remark : 1) IT, ( XK ) does not determink in general

⇒ 8=-8
granny

knot square knot



these are not isotopic
but have isom IT

,

2) If K
,
is prime and 91×141=-41XK)
then 3- homeomorphism to :S

'
→I sf

.
lock, )=Kz

A surface I embedded in Ms is

• compressible it 3- a disk DCM st
.

• D n I = 2D

• 2D is essential in -2

(D is a compressing disk)
• incompressible if I =\5 and not

compressible
The 15 :

I connected surface properly embedded in

a 3-manifold M

I is incompressible
⇒

the inclusion z : I→M induces

an injection ↳ : IT (E)→ IT, In)

Proof : ⇐) I compressible ⇒ F disk D. cm et.

↳ D) c -2 is essential but

7*12 D) = 0 in M so her 2*1=1



(⇒) let me -2 = MICE)

NC E) = I ✗ E- i. I]

get 2 copies -2-1=-2×{-1-1} in 21mi E)

Claim : Tf (E) → IT
, (M) one - to -one

⇐

IT/ II ) → TTCMIE) one- to -one for + or -

indeed : (⇒) suppose IT, (-2-1) → TIME)

is not one - to - one

then IT
, I -2+7 → IT (ME) → TIM)

-
not one - to- one

i. IT
,
(E) → Tf (n) not one- to-one

since I is isotopic to II
⇐) suppose Tile) → IT(m ) is

not one - to - one

so I f- :(D? s ') → CM
,
E) S.t. [f- Is ,] -1-0 in -2

make f- transverse to I

then f- '(E) = It simple closed curvesI arcs

oñ
can assume no arcs : since arcs



break D2 into subdisks D. . . . Da

with 2 on -2

one must have 2=10 in -2 or

else 1253=0 in I

just restrict f to this dish

let 8 be an innermost sat .

and E the dish it bounds

Case 1 : fly loinessential in - I

define f-
,
: D-→M by

f-11EE
= ftp.E

f-11 E C I

¥¥""
\
is

small homotopy of f-1 gives
new disk with fewer s.cc. of n w/I

case 2 : fly is essential in -2

by shrinking NII) can assume



NII ) n E = annulus A

let E-
☐

=EI

f- 12 to ) C I± , say It

then IT (-2-1) → T1, CME )

is not one-to-one

now we know Ti (-2-1) → IT, CMi -2)

is note one - to -one

by the Disk Theorem F disk D CM ' -2

such that 2D essential in It

i.I a disk D
+
C M sf . Dt n -2 = 215

'

is essential in I (add 2D ✗ Grid in

NCE) )

i. I is compressible ☐#

a 3-manifold M is called Haken if it is compact

irreducible
,
and contains an incompressible

surface

Facts : 1) M Haken ⇒ IT 1M) is infinite

( lemma 5 ⇒ Tczlm ) = 0



i. by lemma 2 universal cover =/Rts
and Tlj (m) = 0 if 2>-2)

2) If M irreducible and Hfm ) is infinite

then M Haken

One can iteratively cut a Haken manifold along
incompressible surfaces until all thats
left are 3-balls

Using this one can easily prove lots of things
for example
Tha :

M
,
N closed irreducible 3-mfds with NHaken

if f : M→NS.t. f-* : Ttm)→ To(N) an csoin

then f- = homeomorphism

now let's prove

That 4 (Disk That
,
Dehn 's!Emma, Papa 1957)

:

let M be an orientable 3-manifold
,
Ic 2M a surface

,

and f :(D? s' ) → (M, -2 ) st
.

If 1s ,] -1-1 in IT(E)

Then 3- an embedding e :#5)→ (ME) cat.
els , is essential G.e. doesn't bound a disk) in -2



for this we need

Fact : f : I
'
→M3 a generic smooth map , then

the singularities (non-embedded points)
will consist of

triple
'

:- -- -
-
- ±¥ Point

double
curves

and branch points

•

by a homotopy we can assume all our maps are

generic and we do that from now on

let S(f) = { ✗ c- -2 : f-
'

CfcxD ⇒ {x}}

= U immersed circles and properly embedded arcs

both with transvers n 's and self1's

I (f) = f- (s (f)) C M = union of double curves and arcs

f-, Cy
f)



I

if
an¥×"r; "

'

r
. µ
!
"

set)

note : we can assume flint E) MOM =0

of 2m÷÷÷
across collar

we will always assume this

exercise : given f- :I →M generic

show F a homotopy (but not nee. smooth)
to a smooth map

f- : I →M with

no branch points

hint: "merge
"

branch points or
"

push them
"

off the boundary
a double curve is simple if it is homeomorphic to s

'

(it may intersect other double curves)



when trying to prove something , try simple cases first

lemma 16 :

LetM
,
I
,
t be as in the Disk Theorem

and flnbhdzp embedded

if I (f) contains only simple double curves

then the conclusion of the Disk Theorem holds

not all double curves simple

it
' ?e.g.

Niu
i ,

y
'

<
v1

exercise : try to visualize this !

if Ict ) not simple, then use covering trick !
"

intersections simplify in covers
"

e.g.
"

on dish
"

"

on finger
"

'

I
z
"

(note all are simple so could use
lemma 16 but let's not)



in a 2- fold cover of a nbhd of f- (5) you see

A
on É

, only see Y
'

O )
"

lemma 17 :

LetM
,
I
,
t be as in the Disk Theorem

and flnbhdzp embedded
let N be a regular nbhd of f-(5)

andÑ a 2- fold cover

if 3- an embedding f-
,
:D
-

→ Ñ sf. pof, CODY is
essential in -2

,
then F an embedding

e,
: D-→ns.t.eGDY is essential in

. I



but what if there is no 2- fold cover ofN ?

lemma 18 :

let M ,
-2
,
f
,

and N be as in lemma 17

Suppose N does not have a 2- told cover

then the conclusion of the Disk Theorem holds

Proof of The 4 :

assume ftp.hdzp~an embedding
let N = regular nbhd off(D)

• done it N has no 2- told cover

• done it tha true in a 2- told cover

so use a tower

7
Nn CMn

2- fold cover
f-n N

,
a reg

nbhd of f.B) in' Mi
'

.

.

Mj 2- told cover of N
,- ,

f
,
a lift off

, - ,
to Mi

*.

2-fold cover

• ÷÷÷;I 1
this is calleda tower for f :D→M



lemma 19 :

for f as above
,
f- has a finite tower

such that Nu has no 2- told cover

lemmas 16-19 complete the Disk theorem when

f- lnbhd 215 is an embedding so that done

by
lemma 20 :

LetM
,
I
,
t be as in the Disk Theorem

there is another map g :(15,215)
→ (ME)

St
. g

is an embedding near 215 and

g 1215
) is essential in I

¥1

we must nowgo back and prove lemmas

Proof of lemma 16 :

let 8 c I (f)

ftp.ygy is a 2 to 1 covering map of 51

so f-
'

(8) = 0 one simple close
curve

or

0 0 two simple closed
curves

let v18 ) be a nbhd of 8 in M



so N (8) = s
'
XD
'

lsince M orientable)

.

✓ C) 0 (+2nF)

ends glued by a rotation of {(2) % (+ 2nF)
(3) IT (+2nF)

In case (2) and (3) D n NCH is a Mobius

band Cor 2 bands ) ☒ D orientable

:< in case it and Dn NCH = 2 annuli

:
. f-1181 = 8

'

11-8
"

Vir
"

bound disks D
'

,
D
"
C D

cases :D :D " disjoint

In M
"

surges
"

f along 8
to get a map g

f 9

more precisely replace

✗ s
'

with ④ ✗ s
'

or ① ✗ s
'



note g :(D ? 2134→ CM , E)

and g type
= f- ↳pie

case 2 : D
'

C D
" Lor D

"

CD
'

)

),
,,

no

éfo
.mg by f on D - D

"

and f on D
'

note : domain of
g is a dish

and 91215 = f-↳~

we have ellinitiated 8 from Elf) continue with

other curves in Ict ) untill youget embedding☒-

Proof of lemma 17 : let f- =pof,

by hypothesis f- 12th is essential in I

now
I (F) contains only simple double curves

(check this if not clear )

:
. lemma 16 ⇒ I embedded disk e :D

'

→M

with ecoDY essential in I ☒

Proof of lemma 18 : having no 2- fold covers implies
there is no nontrivial homomorphism TYCN)→zz



thus no nontrivial homomorphism H
,
W)→ Zz

(since Ti CN)→ H.CN)

is abelian /Eaton)

universal
now H'IN, ' Ed = Hom ( H.IM#+0Ext(HolN7,Z-e) coefficient

thus
"

o

"

o

= 0

the exact sequence for (Man) gives

HIM ZN; Zz ) → H
,
12N; Zz ) → H , IN; 2-a)

511 universal .511 Poincaré duality coefficients

H' IN; ZH H' IN;zz)
"

o

"

o

so Hilton ; 7h) -0 and 2N = 11-5

I 5→NS.t.ZDCSZ

let D ' be a disk in 5
"

that 2D bounds

push the interior of D
'

into N and D
'

is an

embedded dish with 215=213 4¥

Proof of lemma 19 :

consider
pz

Nic Mi
pi

¥, Ni-1

clearly Slf;) c- Slf, , , )
claim : Slf;) =\ Scf

, -, )



indeed
,
if Slf

,
)= Scf, - , ) then

Pil
f
,
,,)

: filD) → ta
-ilD) is an Isom

. on it

is
these are the same quotient spaces

so Tiff, /D) ) → Tl
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the proof of the sphere theorem is similar

(or one can use the disk tha to prove it)


